A symmetry of the parameter space of interacting boson models IBM-1 and IBM-2 is studied. The symmetry is associated with linear canonical transformations of boson operators, or, equivalently, with the existence of different realizations of the symmetry algebras of the models. The relevance of the parameter symmetry to physical observables is discussed.
Introduction
It has been established recently [1, 2, 3] that the Hamiltonian of the simplest version of the interacting boson model IBM-1 [4] possesses an additional symmetry, the so-called parameter symmetry, that is a symmetry of the parameter space of the model. The symmetry manifests itself in the existence of two sets of the Hamiltonian parameters that generate identical spectra.
The IBM-1 Hamiltonian has an algebraic structure characterized by the U(6) algebra. The spectrum and the eigenfunctions can be found analytically in three particular cases (the U(5), SU(3) and SO (6) dynamical symmetry (DS) limits). A non-trivial issue of the parameter symmetry is that it establishes an equivalence between the exactly solvable IBM-1 DS limits and transitional IBM-1 Hamiltonians of a general form.
The parameter symmetry is associated with canonical transformations of boson operators linking different realizations of SU(3) and SO (6) subalgebras in the U(6) algebra [2, 3] .
In this paper we propose a generalization of the parameter symmetry concept on the case of IBM-2, the proton-neutron version of IBM. After a survey of the parameter symmetry of IBM-1, we turn the discussion to the structure of the general IBM-2 Hamiltonian and derive the IBM-2 parameter symmetry relations.
Parameter Symmetry of IBM-1
Within IBM-1 nuclear states are labelled by a fixed total number N of bosons of two types, s and d, with quantum numbers l π = 0 + and l π = 2 + , respectively [4] . The U(6) algebra is generated by 36 bilinear combinations of boson operators: s + s, d 
where C 1 and C 2 stand for the first and the second rank Casimir invariants of the algebras entering the reduction chains of the U(6) algebra:
We define the Casimir operators as in the book [5] :
where generators of the groups entering reduction chains (2) are given in Table 1 ,
µ are scalar and tensor products, respectively, of spherical tensors t and u.
Dynamical symmetry limits correspond to the cases when the Hamiltonian involves Casimir operators belonging to one of the reduction chains (2) only, and hence the eigenvalues and eigenfunctions can be found analytically. The spectrum of the IBM Hamiltonian in the case of a DS limit is one of the typical nuclear spectra [4] : vibrational in the U(5) DS limit (k 5 =k 6 =0), rotational in the SU(3) DS limit (k 1 =k 2 =k 3 =k 5 = 0) and γ-unstable in the SO(6) DS limit (k 1 =k 2 =k 6 =0). A transitional nuclear Hamiltonian that does not possess any DS, is conventionally believed to generate a spectrum different from those corresponding to any of the DS limits.
As we have shown in Refs. [1, 2, 3] , the IBM-1 Hamiltonian possesses a parameter symmetry, namely: Hamiltonians H({k i }) and H({k 
in the case k 6 = 0, or as
in the case k 6 = 0.
This statement was proved (see Refs. [1, 2, 3] for details) by constructing a unitary transformation U such that H({k
Thus, for any set of the IBM-1 parameters there is another set which generates the identical spectrum. The only exception is the U(5) DS limit when the two sets of the parameters coincide as is seen from (6) .
One of the most intriguing issues of the parameter symmetry is that it establishes the equivalence of the nuclear spectrum corresponding to a certain DS to the spectrum of a transitional IBM-1 Hamiltonian. As follows from Eqs. (5), the rotational spectrum of the SU(3) DS limit (k 1 =k 2 =k 3 =k 5 =0) appears to be equivalent to the spectrum of the transitional Hamiltonian with the set of parameters {k 6 } that does not correspond to any DS. Similarly, it follows from (6) , that the γ-unstable spectrum of the SO(6) DS limit (k 1 =k 2 =k 6 =0) can be obtained with the set of parameters {k
the U(5)-SO(6) transitional nuclear spectrum. In Ref. [6] , such transitional Hamiltonians were referred to as the ones possessing a hidden symmetry.
To reveal the origin of the parameter symmetry, we note that there is an ambiguity in definition of boson operators within IBM [3, 4, 5, 7, 8] . One can apply to the boson operators gauge transformations R s (ϕ s ) and
Note that these transformations are the canonical ones, i.e. they do not violate the boson commutation relations. However, the structure of the IBM Hamiltonian implies severe restrictions on the use of the transformations (7). For example, in the case of the general IBM Hamiltonian, one can only apply to the Hamiltonian the gauge transformation [7, 8] . Similarly, in the case of the transitional SO(6)-U(5) IBM Hamiltonian with k 6 = 0, one can use the gauge transformation R(ϕ) with ϕ = 0, π 2 , π, 3π 2 . One can also apply to the boson operators the particle-hole conjugationR [9, 5, 8 ] defined as
and operatorsR(ϕ) ≡R × R(ϕ) that are consistent with the Hamiltonian structure provided that ϕ = 0, π 2 , π, 3π 2 in the case k 6 = 0 or ϕ = 0, π in the case k 6 = 0. The operators R(ϕ) andR(ϕ) comprise a point group studied elsewhere [8] .
We use the following notations for operators subjected to the transformations R(ϕ) andR(ϕ):
however, one can always find a simple and not very restrictive constraint on the parameters k i that will guarantee the isospectrality of −α H({k i }) and H({k i })]. Thus we can use transformations (7) [and in some cases (8)] to study parameter symmetries and hidden symmetries of IBM.
For example, the Hamiltonian 1 H({k i }) ≡ R(π) H({k i }) is isospectral but not equivalent to the initial Hamiltonian H({k i }). Using Table 1 and expressions (1), (3), (4) and (7), one can obtain [3] 
where the set of parameters {k ′ i } is defined by the parameter symmetry relation (5). Thus, the transformation R(π) is equivalent to the parameter symmetry transformation (5) .
Note that, as is seen from Eqs. (3)- (4) and Table 1 , only the Casimir operator C 2 [SU(3)] and the SU(3) generator Q µ are changed under the transformation R(π):
µ .
The quadrupole operators Q µ and 1 Q µ correspond to different embeddings of the SU(3) subalgebra in the U(6) algebra [see also [9] for other realizations of SU (3)]. Using parameter symmetry transformation (5) it is easy to express the Casimir operator C 2 SU 1 (3) of the SU 1 (3) algebra associated with the quadrupole operator (9) through C 2 [SU(3)] and Casimir operators of other algebras [2, 3] :
In the case k 6 = 0 we have 1 H({k i }) = H({k i }) and the transformation R(π) does not generate the parameter symmetry. However, in this case we can apply the transformation R(π/2) to the Hamiltonian. Using Table 1 and expressions (1), (3), (4) and (7), we obtain [3] 
where the set of parameters {k ′ i } is defined by the parameter symmetry relation (6) . Hence, the transformation R(π/2) is equivalent to the parameter symmetry transformation (6) .
With the help of the transformation R(π/2) we obtain a new monopole operator:
This monopole operator corresponds to an alternative embedding of the SO(6) subalgebra in the U(6) algebra [7, 5] . Using the parameter symmetry relation (6) it is easy to obtain [2, 3] the following expression for the Casimir operator of the SO(6) algebra associated with the monopole operator P :
Note, that the Casimir operators of alternatively embedded algebras SU 1 (3) and SO (6) are not independent from the Casimir operators of other algebras and should not be included into the general Hamiltonian (1).
The transformationsR(ϕ) do not generate new parameter symmetries. However one more parameter symmetry relation can be obtained in the case of IBM-1 that is not associated with the transformations R(ϕ) andR(ϕ) (see [3] for a more detailed discussion).
Usually in applications the Hamiltonian parameters {k i } are obtained by the fit to nuclear spectra. Due to the parameter symmetry, the fit of the parameters appears to be ambiguous. To discriminate between the two sets of parameters giving rise to identical spectra, it is natural to study electromagnetic transitions.
In the consistent-Q formalism (CQF) [10] , both monopole-monopole (P + · P ) and quadrupole-quadrupole (Q · Q) interactions are replaced in the Hamiltonian by a single term (Q χ · Q χ ) where the generalized quadrupole operator Q
Operator Q χ is used for calculations of E2-transition rates within CQF. Applying transformation R(π) to the Hamiltonian H({k i }), we find out that the only term in the new Hamiltonian 1 H({k i }) = R(π) H({k i }) that differs from the corresponding term in the initial Hamiltonian H({k ′ i }), is the generalized quadrupole-quadrupole interaction:
where
The consistent transformation of the E2 transition operator (13) according to (15) and of the generalized quadrupole-quadrupole interaction in the Hamiltonian according to (14) , guarantees that the E2 transition rates remain unchanged. Therefore in the general case χ = 0 that corresponds to k 6 = 0, the E2 transition rates cannot be used to distinguish between two sets of Hamiltonian parameters {k i } and {k ′ i } related by the parameter symmetry (5), at least within the CQF formalism. if it is believed that the CQF ansatz is an adequate prescription for the electromagnetic transition operator. We note that in the general case χ = 0 the type of the generalized quadrupole-quadrupole interaction [whether it is of the form (
is unambiguously determined by the set of the Hamiltonian parameters {k i }. We have shown in [3] that this is due to the fact that the generalized quadrupole-quadrupole interaction includes the monopole-monopole term (P + · P ). In the case χ = 0 (k 6 = 0), we apply the transformation R(π/2) to the Hamiltonian and to the quadrupole operator Q 0 µ to obtain
However, in this case the generalized quadrupole-quadrupole interaction is ambiguous. As we have shown in Ref. [3] , the parameter symmetry relation (6) can be used to derive
Thus in the case k 6 = 0 the IBM-1 Hamiltonian can be expressed either through Q 0 · Q 0 or alternatively through Q 0 · Q 0 . As a result, the definition of the E2 transition operator appears to be ambiguous. Due to this ambiguity, the electromagnetic transition rates cannot be used to distinguish among two sets of Hamiltonian parameters {k i } and {k There is another possibility to distinguish among the two Hamiltonians related by the parameter symmetry in the case k 6 = 0. This possibility stems from the N -dependence of the parameter symmetry (6) . Since the relations (6) involve the total number of bosons N , the two sets of the parameters can generate identical spectra for some particular nucleus only, the predictions for the spectra of its isotopes or isotones should differ. It is conventionally supposed (see for example Ref. [11] ) that the spectra of neighboring even-even nuclei are described by the same set of the IBM parameters, hence one can discriminate between the parameter sets {k i } and {k ′ i } related according to (6) by comparing the spectra of the neighboring nuclei. This is illustrated by Fig. 1 where the spectra of three Pt isotopes are presented. The set of parameters k 1 = k 2 = k 6 = 0, k 3 = 50 keV, k 4 = 10 keV, k 5 = −42.75 keV was suggested in [4] for the description of 196 Pt (N =6) within the SO(6) DS limit of IBM. The corresponding spectra are given in the left columns labelled by SO (6) . The set of parameters k
.75 keV and k ′ 6 = 0 is obtained using (6) with N = 6. The corresponding spectra are given in the right columns labelled by PS. The SO(6) and parameter symmetry spectra are, of course, identical in the case of 196 Pt but differ for other Pt isotopes. As is seen from (1), (3) and (4), the transformation R(π/2) or, equivalently, the parameter symmetry transformation (6), changes the sign of the monopole-monopole interaction (P + · P ) in the Hamiltonian. This sign change manifests itself in the spectra of neighboring nuclei. It is usually supposed that the pairing (monopole-monopole) interaction should be attractive, i.e. k 5 < 0. Note that the set of parameters suggested in Ref. [4] with attractive pairing interaction fitted to 196 Pt, reproduces the experimental data on 192 Pt and 194 Pt better (see Fig. 1 ) than the other set with k ′ 5 > 0. The generalized quadrupole-quadrupole interaction (Q χ · Q χ ) incorporates both quadrupole-quadrupole (Q· Q) and pairing (P + · P ) interactions. The transformation R(π), or, equivalently, the parameter symmetry transformation (5) changes only the sign of the quadrupole-quadrupole interaction (Q· Q) in the Hamiltonian, as is seen from Table 1 and Eqs. (1), (3) and (4); the monopole-monopole and other multipole-multipole terms are not effected by the transformation R(π). Contrary to that of the pairing interaction, the sign of the quadrupole-quadrupole interaction (Q· Q) is of no physical importance and is indistinguishable in applications as we have shown above. (6): calculations within SO(6) DS limit with the parameters suggested in Ref. [4] ; PS: calculations with the set of parameters obtained using (6) with N = 6; Exp: experimental data of Ref. [12] . 
and is characterized by 21 independent parameters {k
. The proton and neutron parts of the Hamiltonian, H ρ ({k ρ i }), ρ = π, ν, are just the IBM-1 Hamiltonians and are given by (1) with H 0 = 0. It is desirable to express the proton-neutron interaction V πν ({k i }) as a superposition of Casimir operators of combined proton-neutron subalgebras G πν of the U π (6)⊗U ν (6) algebra that enter the reduction chains starting with U π (6)⊗U ν (6) and ending with SO πν (3). The generators G πν of the combined proton-neutron algebras G πν are of the form G πν = G π + G ν where G π and G ν are generators of the corresponding proton and neutron algebras, respectively. For example, the generators of the SO πν (6) algebra are Q The U π (6)⊗U ν (6) algebra has a number of appropriate reduction chains. There are three types of the reduction chains which include U(5), SU(3) and SO(6) subalgebras [5] :
1. U(5) DS chains:
2. SU(3) DS chains:
3. SO(6) DS chains:
We note that the set of Casimir operators provided by the algebras entering the reduction chains (19) - (21), is not complete enough to express the general IBM-2 Hamiltonian (18). The problem is partly solved by adding the SO(6) DS reduction chains [5] to the reduction chains (19)- (21): 4. SO(6) DS chains:
The reduction chains (19)-(22) will be referred to as standard DS reduction chains. Contrary to the Casimir operators C 2 [SO π (6)] and C 2 [SO ν (6) ] [see Eq. (12)], the Casimir operator C 2 [SO πν (6) ] is an additional independent operator that can be used for the construction of the general IBM-2 Hamiltonian. However we still do not have a complete set of independent Casimir operators. To obtain this set we should look for alternative embeddings of the combined proton-neutron algebras. All the alternative subalgebras can be obtained by applying all possible transformations R ρ (ϕ ρ ) andR ρ (ϕ ρ ) to the generators of all subalgebras in the reduction chains (19)-(22). As a result, we obtain alternative subalgebras G πν (6) algebra in these notations. The SU 0−1 πν (3) algebra is equivalent to the SU * πν (3) algebra introduced in Ref. [9] for the description of triaxial shapes within IBM-2.
In such a way we obtain a large number of alternative algebras. However, some of them are equivalent. For example, any algebra G απ αν πν is equivalent to its proton-neutron particle-hole counterpart algebra G −απ−αν πν -the relative sign of α ν and α π is only important, changing the sign of both α ν and α π we do not obtain a new algebra. As follows from our analysis, there exist 2 different realizations of U πν (5), 2 different realizations of SO πν (6), 2 different realizations of SO πν (6), and 8 different realizations of SU πν (3).
The alternative algebras provide us with Casimir operators that can be used for the construction of V πν ({k i }), however not all of these Casimir operators are independent. For example, the Casimir operators of alternative proton or neutron algebras G 
, etc. So, we should choose a set of independent rank-2 Casimir operators of combined proton-neutron subalgebras. We suggest to include in this set the Casimir operators of U πν (6), U πν (5), SO πν (6), SO πν (6), SU πν (3), SU 01 πν (3) and SU 11 πν (3). The Casimir operators of all the rest protonneutron algebras can be expressed through the ones included in the set, e.g.,
The Casimir operator C 2 [U(6)] not defined above can be expressed as
The proton-neutron interaction V πν ({k i }) we express through the set of independent Casimir operators as
Note that the set of independent Casimir operators is not unique and, as a result, alternative expressions for V πν ({k i }) can be suggested. Another possible choice of the operators was used in Ref. [14] . It is seen that the construction of different realizations of boson algebras plays an important role in IBM-2. The incompleteness of boson Hamiltonians in the form of superposition of Casimir invariants of different groups determined by standard DS reduction chains, is a common property of systems of two (or more) independent subsystems, e.g. it is also a property of the vibron model of triatomic molecules with the symmetry algebra U 1 (4)⊗U 2 (4) [15] .
The standard reduction chains (19)- (22) Applying all possible transformations R ρ (ϕ ρ ) andR ρ (ϕ ρ ) to all subalgebras in the standard reduction chains (19) - (22), we obtain all alternative reduction chains. Some of these reduction chains appear to be equivalent to some of the others, some of them are equivalent to some of the standard or nonstandard DS reduction chains. However the set of independent alternative reduction chains can be easily defined. These independent alternative reduction chains give rise to hidden symmetries of the model. It is interesting that some of the hidden symmetries may be obtained by means of transformations (e.g., by particle-hole transformations) that are not isospectral.
Applying all possible transformations R ρ (ϕ ρ ) andR ρ (ϕ ρ ) to the general Hamiltonian (18), we obtain a general IBM-2 Hamiltonian that can be (i) identical to the initial Hamiltonian (18), (ii) non-identical to but isospectral with the initial Hamiltonian (18), or (iii) non-isospectral with the initial Hamiltonian (18) . In the case (ii) we obtain standard parameter symmetries of IBM-2 that are valid without restrictions on the parameters of the model. The standard parameter symmetries are listed in Table 2 . In the case (iii) we do not immediately obtain parameter symmetries. However, for any possible transformation R ρ (ϕ ρ ) [orR ρ (ϕ ρ )] there always can be found some constraints on the parameters {k we obtain additional non-standard parameter symmetries that are valid only if the parameters fit some relations. These additional symmetries are listed in Table 3 (the constraining relations for the parameters are given in the first row).
All IBM-2 parameter symmetry relations with the only exception of the parameter symmetry D (see Table 2 ), involve the total number of proton bosons N π or/and the total number of neutron bosons N ν (N = N π + N ν ). Hence there is a principal possibility to distinguish between few parameter sets giving rise to identical spectra by the analysis of the spectra of neighboring isotopes or/and isotones.
Summary
We have analyzed canonical transformations of boson operators consistent with the structure of boson Hamiltonian in the cases of IBM-1 and IBM-2, or, equivalently, different realizations of the symmetry algebra of the model and its subalgebras. Analysis of alternatively embedded subalgebras is of a particular 
